ABSTRACT. This is a survey of recent advances in commutative algebra, especially in mixed characteristic, obtained by using the theory of perfectoid spaces. An explanation of these techniques and a short account of the author's proof of the direct summand conjecture are included. One then portrays the progresses made with these (and related) techniques on the so-called homological conjectures.
1. THE DIRECT SUMMAND CONJECTURE 1.1. Let R be a Noetherian (commutative) ring and S a finite ring extension, and let us consider the exact sequence of finitely generated R-modules
When does this sequence split? Equivalently, when is R → S pure, i.e. remains injective after any base change? This holds for instance when R → S is flat, or when R is a normal Q-algebra, but not in general (the embedding of Q[x, y]/(xy) in its normal closure gives a counter-example, since it is no longer an embedding modulo x + y).
The direct summand conjecture, formulated by M. Hochster around 1969, claims that (1.1) splits whenever R is regular. Hochster proved it when R contains a field [17] . R. Heitmann proved it in dimension ≤ 3 [14] . This has many (non trivially) equivalent forms. One of them is that every ideal of a regular ring R is contracted from every finite (or integral) extension of R. Another (more indirect) equivalent form is the following statement, which settles a question raised by L. Gruson and M. Raynaud [28, 1.4.3] 1 :
Theorem. Any integral extension of a Noetherian ring descends flatness of modules.
We will see one more equivalent form below in the framework of the so-called homological conjectures (4.2).
THE ROLE OF PERFECTOID SPACES
2.1. Some heuristics. After Hochster's work [18] , it is enough to prove the direct summand conjecture in the case when R is a complete unramified local regular ring of mixed characteristic (0, p) and perfect residue field k. By Cohen's structure theorem, one may thus assume R = W (k)[[x 1 , . . . , x n ]].
Y. ANDRÉ
In characteristic p, all proofs of the direct summand conjecture use the Frobenius endomorphism F in some way. In mixed characteristic, R = W (k)[[x 1 , . . . , x n ]] carries a Frobenius-like endomorphism (acting as the canonical automorphism of W (k) and sending x i to x p i ), which however does not extend to general finite extensions S of R. To remedy this, p-adic Hodge theory suggests to "ramify deeply", by adjoining iterated p th roots of p, x 1 , . . . , x n . Doing this, one leaves the familiar shore of Noetherian commutative algebra for perfectoid geometry, recently introduced by P. Scholze [30] .
To begin with, W (k) is replaced by the non-Noetherian complete valuation ring
this being understood in the context of almost ring theory, introduced by G. Faltings and developped by O. Gabber and L. Ramero [12] , which gives precise meaning to "up to p [12] is much more general: it deals with modules over a commutative ring up to k-torsion, for some idempotent ideal k. Going beyond the case of a valuation ideal k will be crucial: beside "p 1 p ∞ -almost" modules, we will have to consider "(pg) 1 p ∞ -almost" modules for some "geometric" discriminant g.
Perfectoid notions.
In perfectoid geometry, one works with certain Banach 2 Kalgebras A. One denotes by A o the K o -subalgebra of power-bounded elements. One says that A is uniform if A o is bounded, and that A is perfectoid if it is uniform and
An example which plays a crucial role in the sequel
, a deeply ramified avatar of R. Morphisms of perfectoid algebras A → B are continuous algebra homomorphisms (one then says that B is a perfectoid A-algebra).
Perfectoid algebras enjoy three fundamental stability properties [30] 
One concludes that e = 0 by the following general elementary lemma
2.4.
The perfectoid Abhyankar lemma. In the general case, S ⊗ R A is no longer etale over A: one must take into account a discriminant g ∈ R of S[
. This suggests to try to generalize 2.2.3 to ramified extensions of perfectoid algebras. It turns out that this is possible, provided one extracts suitable roots of g in the spirit of Abhyankar's lemma. This leads to replace everywhere "p
, thereby extending the basic setting of almost ring theory beyond the usual situation of a non-discrete valuation ring. This also leads to introduce the notion of almost perfectoid algebra, where
Then B is almost perfectoid, and for any n, 
.3).
The basic idea is to look at the pro-system of algebras of functions A j := A{ p j g } on complements of tubular neighborhoods of the hypersurface g = 0 in the perfectoid space 
) s , so that lim R j ∼ = lim R jk ; on the other hand, the kernel and cokernel of R → R jk are killed by g raised to a power which tends to 0 when j, k → ∞). Passing to the limit r → ∞, it follows that lim A jo = g − 1 p ∞ A, and this also holds under the weaker assumption that A is almost perfectoid, cf.
The technique is similar to the one in 1), cf.
, it suffices to show that the natural map
It is easy to see that it is injective [1, 2.8.1], and on the other hand, the composition limF,j( 
The basic idea is to add one variable T , consider the perfectoid algebra C := A T 1 p ∞ and look at the ind-system of algebras of functions C i := C{ T −g p i } on tubular neighborhoods of the hypersurface T = g in the perfectoid space Spa(C, C o ).
The proof involves three steps.
. This is an easy consequence of the general fact that for any uniform Banach algebra B and f ∈ B o , colimiB{
8) C o contains a compatible system of p-power roots of some non-zero-divisor fi such that
. This is one instance of Scholze's approximation lemma [30, 6.7] ; one may assume fi ≡ T − g mod p 1 p . 
2.6. Conclusion of the proof of the direct summand conjecture. One chooses g ∈ R such that S[
One then follows the argument of 2.3, replacing 1) by showing that the pro-system of kernels and cokernels of (A/p r ) j → (A jo /p r ) j is pro-isomorphic to a pro-system of (pg) 1 p ∞ -torsion modules; this allows to apply various functors before passing to the limit j → ∞, whence a gain in flexibility. More importantly, he obtains the following derived version of the direct summand conjecture, which had been conjectured by J. de Jong: 2.7.1. Theorem. Cohen-Macaulay rings form the right setting for Serre duality and the use of local homological methods in algebraic geometry, and have many applications to algebraic combinatorics [7] . When confronted with a non-Cohen-Macaulay ring S, one may try two expedients:
1) Macaulayfication: construct a proper birational morphism X → Spec S such that all local rings of X are Cohen-Macaulay. This weak resolution of singularities, introduced by Faltings, has been established in general by T. Kawasaki [23] . Hovewer, secant sequences in S may not remain secant (hence not become regular) in the local rings of X; this motivates the second approach:
2) Construction of a Cohen-Macaulay algebra 4 : an S-algebra C such that any secant sequence of S becomes regular in C, and mC = C.
The existence of Cohen-Macaulay algebras implies the direct summand conjecture: indeed, if C is a Cohen-Macaulay algebra for a finite extension S of a regular local ring R, it is also a Cohen-Macaulay R-algebra; this implies that R → C is faithfully flat, hence pure, and so is R → S.
Constructions of Cohen-Macaulay algebras.
The existence of a (big) CohenMacaulay algebra was established by Hochster and C. Huneke under the assumption that S contains a field [22] . One may assume that S is a complete local domain. In char. p > 0, one may then take C to be the total integral closure of S (i.e. the integral closure of S in an algebraic closure of its field of fractions). This is no longer true in the case of equal char. 0, which can nevertheless be treated by reduction to char. p >> 0 using ultraproduct techniques.
The remaining case of mixed characteristic was settled in [2] , using the same perfectoid methods, so that one has: 3.2.1. Theorem. Any local Noetherian ring S admits a (big) Cohen-Macaulay algebra C.
In the case of a complete local domain S of char (0, p) and perfect residue field k (to which one reduces), one proceeds as follows. Cohen's theorem allows to present S as a finite extension of R = W [[x1, . . . , xn]]. One first considers the R-algebra A := p ∞ -almost isomorphic to a faithfully flat R algebra modulo any power of p. From there, one deduces that the sequence (p, x1, . . . , xn) is "(pg)
To get rid of "almost", Lemma 2.3.1 is no longer sufficient: instead, one uses Hochster's technique of monoidal modifications [19] [22] . After m-completion, one gets a S-algebra C in which (p, x1, . . . , xn), as well as any other secant sequence of S, becomes regular.
Subsequently, using the tilting equivalence between perfectoid algebras in char. 0 and in char.p and applying Hochster's modifications in char.p rather than in char.0, K. Shimomoto [34] shows that in Th. 3.2.1, in mixed characteristic, C can be taken to be perfectoid 5 
.
In particular, if S is regular, it admits a perfectoid faithfully flat algebra (one may speculate about the converse 6 ). 4 since it would be too restrictive to impose that C is Noetherian, one often speaks of "big" Cohen-Macaulay algebra. 5 actually, Shimomoto's result is slightly weaker, but can be enhanced. 6 this is settled in forthcoming work by Bhatt, Ma, Iyangar. If regularity is omitted, Spec(Q[x, y]/(xy)) and its normalization provide a counterexample.
HOMOLOGICAL CONJECTURES
4.1. Origins from intersection theory. Under the influence of M. Auslander, D. Buchsbaum and J.-P. Serre, commutative algebra has shifted in the late 50s from the study of ideals of commutative rings to the homological study of modules (cf. their characterization of regular local rings by the existence of finite free resolutions for any finitely generated module, resp. for the residue field).
Serre proved that for any three prime ideals p, q, r of a regular local ring R such that r is a minimal prime of p + q, ht r ≤ ht p + ht q [32] . The special case r = m can be amplified: for any ideals I, J of R such that I + J is m-primary, dim
This is no longer true if R is not regular, and attempts to understand the general situation led to the so-called homological conjectures cf. [7, ch. 9] , [20] .
Intersection conjectures.
Let (R, m) be local Noetherian ring.
The first "intersection conjecture" was proposed by C. Peskine and L. Szpiro [27] , proved by them when R contains a field by reduction to char. p and Frobenius techniques, and later proved in general by P. Roberts using K-theoretic methods [29] . It states that if M, N are finitely generated R-modules such that M ⊗ N has finite length, then dim N ≤ pd M . It implies that R is Cohen-Macaulay if and only if there is an R-module M of finite length and finite projective dimension (in the spirit of Serre's characterization of regular rings, which is the case M = k), resp. if there is an R-module M of finite injective dimension.
Indeed, one may take N = R and deduce that dim R ≤ pd M ; by the Auslander-Buchsbaum formula, pd M = depth R − depth M , so that the inequality depth R ≤ dim R is an equality. The second assertion follows from the fact that id M = depth R [3] .
The "new intersection conjecture", also proved by Peskine, Szpiro [27] and Roberts [29] , states that for any non exact complex F • of free R-modules concentrated in degrees [0, s] with finite length homology, s > dim R.
The "improved new intersection conjecture" is a variant due to E. Evans and P. Griffith [11] , in which the condition on F • is "slightly" relaxed: the H i>0 are of finite length and there exists a primitive cyclic submodule of H 0 of finite length. They proved it, assuming the existence of (big) Cohen-Macaulay algebras 7 , and showed that it implies their "syzygy conjecture". In spite of appearances, the passage from the new intersection conjecture to its "improved" variant is no small step 8 : in fact, according to Hochster [20] and S. Dutta [9] , the latter is equivalent to the direct summand conjecture. 7 if R is Cohen-Macaulay, the Buchsbaum-Eisenbud criterion gives a condition for the exactness of F• in terms of codimension of Fitting ideals of syzygies. In general, the same condition guarantees that F• ⊗ C is exact for any Cohen-Macaulay R-algebra C [7, 9.1.8].
8 K-theoretic techniques failed to make the leap.
On the other hand, in the wake of the new intersection conjecture (and motivated by the McKay correspondence in dimension 3 and the "fact" that threefold flops induce equivalences of derived categories), T. Bridgeland Here I (hn) denotes the ideal of elements of R which vanish generically to order hn at I. When R contains a field, the result was proved in [10] and [21] .
4.3.
3. An efficient and unified way of dealing with questions related to the homological conjectures in char. p is provided by "tight closure theory", which has some flavor of almost ring theory. Using Th. 2.4.1 and Th. 2.5.1 above, Heitmann and Ma give evidence that the "extended plus closure" introduced in [13] is a good analog of tight closure theory in mixed characteristic [16] .
